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ON A SURFACE OF THE SIXTH ORDER WHICH IS TOUCHED 
BY THE AXES OF ALL SCREWS RECIPROCAL TO 
THREE GIVEN SCREWS.* 

Br E. W. Hyde. 

The term screw was introduced by R. S. Ball, in his book entitled " The 
Theory of Screws," and is applied to that geometric entity which represents 
completely the motion of a rigid body moving in any manner in space of 
three dimensions ; a system of rotations and translations of a rigid body being 
at any instant equivalent to a single rotation about a definite axis, together 
with a translation along it. 

A screw, representing the geometric properties of this motion, is defined 
by Ball as " a straight line in space " (the axis of the screw) " with which a 
definite linear magnitude termed the pitch is associated." 

In an article by the present writer on "The Directional Theory of 
Screws,"t a screw^ was defined in the language of the Directional Calculus 
as the sum of a line-vector,}: or "sect" (the axis of the screw), given in 
position as well as direction, and a plane-vector perpendicular to it. The sect 
corresponds to the above mentioned single rotation ; the plane-vector to the 
translation. It was shown that, if 8i and 8^ are screws, their product ac- 
cording to Grassmann's method is 

8i 8i = («! + aj) cos ^ — 8 sin 0, 

in which a^ and o^ are the respective magnitudes of the plane-vector parts, or 
in other words of the pitches, of the two screws ; S is the perpendicular dis- 
tance between the axes of the screws, and is the angle between the axes. 
If this product is zero, the screws are said to be reciprocal. 

In the article cited, it was further shown that the axes of the screws 
which are reciprocal to three given screws are the totality of the generators 
of one system of a skew conicoid (ruled quadric surface) , which changes in 
accordance with the variation of a parameter involved in its equation. 

• Presented to the American Mathematical Society at its meeting, 27 April, 1901. 
t ANNAL8 OP Mathematics, vol. 4 (1888), p. 137. 
i Grassmann's LinienteU. 
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The object of this paper is primarily to dotciTuino and discuss tlic envel- 
ope of this conicoid, which is a surface touched by the axes of all screws O' 
the system, and thus to enable one to giusp more fully the nature of the system. 
The surface determined, however, possesses properties of an interesting 
character, aside from its relation to the system of screws. 

Deduction of the Equation of the Envelope *S'. 

1 . The equation of the conicoid above referred to is given as equation 
71 of the article cited, and is the following: 

I>{si + «|«i)-(«2 + «|e2)-(«3 + ^\e3)P = 0, (1) 

in which ^ is a variable point, «,, s.^, S3 are screws, €1, €2, e^ are vectors, and 
z is the parameter. The expression | e denotes a plane-vector perpendicular 
to €, so that Si + z\€i = «i, say, is also a screw. 

It will be convenient to change equation (1) into a different form, which 
we proceed to do. Take a fixed point e^, and three mutually peipendicular unit 
vectors tj, t^, tg, and write 

Si + z\ei = eoti + (■«! + z)\ti = eo'i + z' | ii, 
.s-2 + z I eg = eot2 4- («2 + 0) | tj = eo'2 + 2" | h^ 
S3 + e\e3 = 60% + ("3 + 2) 1*3 = eo'3 + «"'|t3.* 
Therefore equation (1) becomes 

p{eoii + z' I ii) • (eotj -f z" 1 1^) • (eots + 2'" | i^)p 

— Pi^Ol-l + z'l2l3)-(eol2 + e"l3ll)-{e^3 + 2"V2) P 

= - z'(eopi2hy - ^"(eoptaHy - ^"' (e^pi^i^)^ - z' z" z'" = 0. 
A^ow change to a vector system by writing p = e,, + p; whence e^piiii = 
60(^0 + p)iih = eo/Jtjtj = />|t3,t with similar values for the other teiras ; thus 
equation (1) becomes, on replacing 2', 2", 2'" by their values, 

(«i + ^)(p\Hy+(a2 + z)(p\c^y+ (as + z)(p\ ..y 

+ {tti + 2) (02 + z) (as + z) = O.t (2) 

* This apparently restricts the system of screws, »i, s-z, S3, by mailing them mutually per- 
pendicular, and confluent; but it may be shown that any system reciprocal to three given 
screws has three screws belonging to it thus situated, and, since any three screws of the sys- 
tem determine It these three may be taken for tliat purpose. Our proceeding is therefore 
general. 

t E(|uivaleiit totlie quaternion expression Spij. 

X This eiiuation is iilentical with tlie last equation on p. 121 of Ball's Theory of Screws. 
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This is the vector equation of theconicoid; it involves the vari/ing parame- 
ter z. The envelope of this conicoid will he a swf ace toucJied by the axes of all 
the screws reciprocal to «i, s.^, s^. 

This equation may be transformed into an equation in Cai-tesian coordi- 
nates as follows. The quantities /j [ tj, p 1 1^, /o | % that enter in equation (2) are the 
scalar projections of p on the mutually perpendicular lines of reference, i. e. 
they are the ordinary Cartesian coordinates x, y, z. Replacing tlie parameter 
3 by /i to prevent confusion we have as the equivalent of equation (2) the 
following : 

(ai + /*) x* + {a-i + m) / + (a-i + /*) z^ + («i + /*) (a^ + m) («3 + A^) = (2') 

as the equation of the conicoid in rectangular coordinates. Multiplying out 
and rearranging terms, this equation may be written in the form : 

/*« + At* 2« + /i?x + w = 0, (3) 

in which 

M = u:^ + y^ + 2* 4- Sa«, 

V — a^^f? + fl^y^ + a^z^ + f'ia.2«3- 
Sa = Oj + (h + %5 ^aa = a^a^^ + a^tts + agaj. 

Equation (2') or (3) z« the Cartesian equation of the conicoid; it in- 
volves the varying parameter fi. The envelope of this conicoid is found, as 
before, by eliminating fi between equation (3) and its partial derivative with 
respect to /a ; it is 

S= 4u» - (S«)*M'^ - lSuvl.a + 27y2 + 4:{1.afv = 0. (4) 

Discussion of the Surface S. 

2. Discussion of Equation (4). Since no terms of odd degree in x, y, 
or z appear in equation (4), the surface 8 is symmetrical with respect to each 
of the three reference planes. It is evident at once that S passes through the 
curve of intersection of the sphere m = and the conicoid u = ; also, as (4) 
can be written in the form 

S = u'u^ + v'w = where «' = 4 « — (Sw)* , 

S is tangent to v along the cui've in which v t'v cut by u ; i. e. along the curve 
M = 0, y = 0, which we shall call the curve uv. This is plainly as it should be, 
because u = is the surface of equation (3) when fj, — 0. S also passes 
through the points of intersection of v = with the surface u' = 0- 
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3. Expression of the Coefficients in Terms of the Differences of the a's. 
It appears that if (4) be expanded by inserting the values of u and v and 
multiplying out, the literal coefficients will all be homogeneous functions of 
aj, Oj, 03, which are the roots of a cubic whose coefficients are 2a, 2aa and 
ttj aa 03. These literal coefficients may then all be expressed in terms of the 
differences of these roots. In feet, if we write d^ = a^ — aj, dij = as — Oj, 
(^3 = fli — Oa, we find that (4) may be written in the form 

+ 32*(«2 + y2 _.^i_|^) + J ^d,d, (d? + 2dA)^^ + d,d, (dl + 2d,d,)y^ 

+ d,d,(dl + 2d,d,)z^-} + GxV^' + i [ idA-10di)y^z^+ {d^d, - lOdl) 2«x« 

+ {d^d, - lOcP) a;*y«] = 0. (5) 

4. Simplification of the Equation of the /Surface. Equation (5) contains 
only ttvo independent constants, since tZi + tZg + ^3 = 0. As it does not con- 
tain the a's, it is evident that any values may be assigned to them which do 
not alter the values of the d's, i, e. each a may be increased by any given 
number n,* which may be positive or negative. Let us write then 

^a'l := tti — Oj ^ dj 

02 = Oj — 04 = 

03 = a^ — a^ — — dl 

Substituting these values in (4) , it becomes 

4m» _ (c?3 _ di^u^ - 18(d3 - di)uv + 27v« + 4(^3 - dtfv = 0, (6) 

and we have 

« = x« + y* + z^- (isdi, (7) 

V = diX'^ — diz^ = (x^i + z^^Ji) (xy/d^ - z)/di). (8) 

These are the simplest forms to which the equations can be reduced. 

If we assume ai> a^> a^, which does not affect the nature of 8, but only its 
position relatively to the axes of reference, then d^ and d^ will always be pos- 
itive, and t> = will represent two real planes through the Y axis. S there- 
fore touches the planes v = along their circles of intersection with the sphere 

* This is seen at once to be in agreement wltli the manner in which the parameter ft enters 
equation (2'). 



<^I = «2 — «3 = «2 - «3] 


'2 a' z= ds— dl 


^2 = a^ — a{ = tts — tti 1. , ^ 


la' a' = — dsdi 


d^ = a'l — ai^ = ai — a^ 


a'ia^a'3 = 
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M = 0, whose radius is ^jd^ di. These circles are shown in fig. 2 and are 
designated by the numerals 23 and 25. By assuming diflerent values of 
Ui, Oi, as such that the d's are unchanged, an infinite number of cm"ves uv can 
be obtained, along each of which S touches v. 

5. Intersections of v and S. Let us eliminate z between v = and 

equation (8) : then since z^ = -jX^, equation (8) becomes 

"1 

m«[4m- (da-diY] = 
(.'/ - I*' - d,d^^ [4y*- 1|V - id,d, - (d, - cZ,)^] = 0, 

or Ty*- ja;*-<^3<^i) =0, (9) 

and y*_ J2^2_j,^i^0. (10) 

Hence the two planes v = are tangent to S along the curves whose projec- 
tions on X Yare the ellipse of (9), and intersect IS in the curves whose projections 
onXY are the ellipse of ( 10) . These are ellipses because d^ is negative while 
^3 and di are positive. Tliese curves of section of v and S are in fact circles, 
since (9) and (10) are simply the equations of the projections of the curves of 
section of v with u and u' as in §2, i. e. of spheres and planes. The circles 
of equation (10) are shown in fig. 2 as 14 and 16. In figs. 1 and 3 they 
coincide with the circles of equation (9). 

6. Intercuts of 8 on the Axes. In equation (5) let y = 2 = Q, then 

*" - i(^? + id^d^)x* + id.id.i(d^, + 2did3)x-'- - i d\d:i dl 
= {x-^ - did{)'^{x^ - d\) = 0. 

By symmetry we have at once similar results when z = x = 0, and when 
a; = y = 0, hence we have for the intercepts on the axes of reference, 

a-'o = ± y/ dj d:f and x,( = ± J r^i, 

yo = ± s/ d^dj and yi = ± i ^7.^, • (11) 

Zo = ± ^di d^ and 2^ = ± j dg. J 

7. Nodal Points. The values of x^, yo, z^, being derived from square 
factors, correspond to double points in the curves of section of 8 with the refer- 
ence planes, and to nodes of 8, real or imaginary. Of the six values only two 
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are real, because dg is negative, namely 1/0 = ± ^d-^ d^. The intercepts x^, y^, z'q 
are always real. 

8. Nodal Tangent Oones. To find the equations of the nodal tangent 
cones at (0, + ^d^di, 0) and (0, — ^d^di, 0). Change the origin to the first 
point by writing y = y' + ^d^di : then we have m = a;* + y'* + 2y' ^d^ di + 2*, 
while V is unchanged, u and v being taken as in (7) and (8). The equation 
of the tangent cone at the new origin can be obtained by writing the terms of 
the second degree in the transformed S equal to zero. We get 

4((Z3 - diy(d,'x^ - diZ^) - (^3 - di)*(4d3d,/) = 0, 
or {dg — di) (dg X* — d^ z^) — d^ d^ y^ = 0. 

This is the equation of the tangent cone when the origin is at the node. Taking 
the origin at the centre of >8'we have for the two nodal cones 

((^3 - d^) (d.,x^ - diz^) - d^diiy T ^jd^iY = 0, (12) 

the upper sign giving the one on the positive side of the origin. If we let 
a; = in (12), we have for the nodal tangents in the YZ plane 



y = ±2^^^*±Vrf^,; (13) 

and similarly, putting a = 0, we have for the nodal tangents in the XY plane 

y = ±xJ ^~ ' ±y/(pf (14) 

Since we are assuming d^ and di both positive, one of these sets of tangents 
will be real, while the other set will be imaginary. In fig. 2, which is con- 
structed with the values rfx = 4, ^3 = 1, the lines of (13) are real, and those 
of (14) imaginary, so that as regards the section by the XY plane 
(0, + ^d^di, 0) and (0, — y/cZscZi, 0) are conjugate points. 

9. Determination of the Cuspidal lodges, or Edges of Regression, of the 
Surface. If we assume given constant values for di, d^ and dj, and let the 
a's vary, the uv line will generate the surface. The cusp line, as the figures 
show, is the locus of points on S most distant from the Z axis. We will take 
the point where the plane y = mx cuts the uv curve, find its x coordinate in 
terms of one of the a's, say a^, and the d'& -. then, taking a as an independ- 
ent variable, determine its value when aj* is a maximum. Since ai = ag — d^ 
and ttj = 03 + (Zi, we have 
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l,aa = «ia., + a-jjcii + UiO-i = (% + rf,) a-i + ^3 (aj — d.^) + (ag — tZ^) {a^ + d,) 
= 3a| + 2a3 ((Zj — cZj) — di^d^ = 3aj + 2a3S3 — d^d^ ; 

in which we have written di — d^ — S3. We shall also find it convenient to 
use the relations 

fijj — d = Sj and d^ — di = S.^. 
We have also 

ttio^a^ = (a-i - d-i) (a-i + di) a^ = 03 (a* + 038^ — didi). 

With these values we have, putting mx for y, 

UgU = a^x^ + a^vi^x^ + a^z'' + a^ (3rt| + 2a3S3 — did^) = 0, 

V = {0.3 — di) X* + (03 + di)m^x^ + ajz* + 03 (a^ + a^&i — didi) = 0> 

. •. V — a3M = (m^di — (Zj)^* — (ig (2a* + (1^383) = ; 

(m^di-di) -J-x^=(ial + 2a3B3 = 0^ 
da3 

Thus a = and 03 = — ^ S3. 

Differentiating again 

^ j^ 12 a3 + 283 
dal ~ vi^di — d 

When as = the second derivative is positive, because S3 = cZ, — d.^, and 
rfj is negative, while dy is positive, indicating a minimum ; and when 03 = — ^83 
the second derivative is negative, indicating a maximum. Inserting the value 
Og — — ^83 we find the maximum value of x* to be 

x2 — 12 . 

27 (m^di - di) 
We find also 

Oj = 03 — (^2 = — ^83 — c?j = — ^<Zj + Jd^ — di 
= - i(di + 2d.i) = - i(2di -di-d3)=- JSi, 
and similarly a^ — — iS^. Hence 

tt, = a;« + y2 + ^2 + 1 2 S5 = a;" + y2 + 2;2 + ^l^dd = 0, (15) 

-3v, = Six^ + 8,2/* + Sj2« + I S, 82 83 = 0. (16) 

T/ie surface 8 is tangent to v^ along the cusp carve u^ v^, and hence the cusp tan- 
gent at any point is easily found. 

10. Various Forms of iS. We will now consider the different forms 
that S may assume through change of the constants. As appears by equations 
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(6), (7), (8), the surface depends on only two constants, d^ and di, which 
are always positive ; hence, its form depends only on their relative magnitude. 
We will consider three cases. 

Ga»e 1. Let (Zj = (Zx 5 then equation (6) reduces to 

4 «=» + 27 v2 = 4(a;'^ + y^ + «« - (l\f + 27 d\{x^ - z'-)^ = 0. (17) 

\Z 
Fig.l. 
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A fourth part of the surface is shown in fig. 1, which, like the other two, is 
drawn in isometric projection. Equation (17) shows at once that Scan have 
real points only when the radius vector is less than, or equal to, di ; he7ice the 
surface is wholly within or upon the sphere u = 0, and the cusp lines are great 
circles of that sphere, whose planes bisect the angles between the XY and YZ 
planes ; for when d^ = d^, 

M,, = X* + y!* + 2* — rff = 0, 

and v^ — d^ {x^ — z^) — — (x — z){x -\- z). 

The section of S by the Z X plane is the hypocycloid described when the 
radius of the rolling circle is one fourth that of the fixed circle, and having 
the equation 

CfVS ^. 2:2/3 ^ £^2/3 

when refeiTed to axes bisecting the angles between the axes of Z and ^in the 
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figure 



The nodal tangent cones, equation (12), reduce to double planes par- 
allel to the Z JT plane, and touching 8 at (0, d^, 0) and (0, — di, 0). 

Case 2. When 1 < d^jd^ < co we have the general case, an example of 



Fig. 2. 
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which is shown in fig. 2, for which dj = 4 and d^ = 1. The planes ?; = 
pass through Oy and the lines 05 and 03 respectively and touch 8 along 
the circles 25 and 23. There arc nodes at (0, 2, 0) and (0, — 2, 0), only the 
The equation of the nodal tangent cones is 



former being shown. 



3(a;-^ - 42^) - 4(y t 2/^ = 0. 



If cig approaches (Zj in value the circles of equations (9) and (10) (in fig. 2 
25 and 16, and 23 and 14) approach each other, finally coinciding. The nodal 
cone flattens out perpendicularly to O T, and reduces finally to a double plane 
as we saw above. 

If, on the other hand, d^ diminishes toward zero, we approximate toward 
the third case as shown in fig. 3. 



188 HYDE. 

Qase 3. When (?3 = the surface becomes one of revolution about tiie 
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Z axis, the cusp curves are horizontal circles given by the equations 

a;2 + y + «« = Jrff 

and the nodes have receded to the centre and disappeared, the equation of the 
nodal cone becoming z^ — 0. 

11. Conclusion. The surface S, which we have determined and dis- 
cussed, assists the mind in fonning a conception of the screw system recipro- 
cal to «!, Sj, S3. Every screw axis of the system touches S, but not every 
line that touches 3 belongs to the system ; for, in order to do so, it must also 
be a generator of some one of the skew hyperboloids of the system formed by 
assigning different values to /x in the equation 

(a, + fi)x^ + (a^ + M).y* + (as + m)«- + («! + m) (aa + /*) («» + m) = 0. 
The surface S shows us how these hyperboloids are situated and how 
they vary. 

CiNOiNNAii, O., May, 1901. 



